The problem of steady laminar mixed convection flow and heat transfer past a moving vertical thin needle in nanofluid for both assisting and opposing cases is analyzed in this paper. Three types of nanoparticles including copper, titania and alumina are taken into consideration. The nonlinear ordinary differential equations for momentum and energy have been transformed by adopting the similarity transformation in linear form. The problem is solved numerically using an implemented package called bvp4c in MATLAB software. The numerical computations are carried out for various parameters of interest, which consists of the velocity ratio parameter, mixed convection parameter, nanoparticle volume fraction parameter and the needle size. A stability analysis of the solution is performed showing that the upper branch solution is stable, while the lower branch solution is unstable. Validation of the present work is done by comparing the current results with those available in the existing literature and found to be in excellent agreement.
Introduction
Along with the development of technology, most engineers have ventured to create a new system of application. Previously, most of the systems used in industries considered the conventional heat transfer fluid such as oil, water and ethylene glycol. Unfortunately, these types of heat transfer fluids did not show good performance in a cooling system. Choi [1] found an alternative way to overcome this disadvantage by introducing the term nanofluid in fluid dynamics. The usage of the nanofluid as a cooling device will intrinsically enhance the thermal performance of the manufacturing processes and also reduce the operating costs. In fact, nanofluid is formed by adding some of the nanometer-sized particles (called nanoparticles), the diameter of which is less than 100 nm, into the base fluid. There are a few types of nanoparticles such as metal, oxide, carbides and carbon nanotubes. Nanofluid possesses some special behaviors, by which it is very stable and does not have any additional problems such as erosion, sedimentation, non-Newtonian behavior or additional pressure drop. This happens due to the tiny size of the nano-elements and low volume fraction of nano-elements needed for the thermal conductivity improvement. In view of its applications, nanofluid has the potential of being a new generation of coolants in automotive applications. It tends to cool down in the electronic application effectively by removing the high heat flux such as liquid cooling, air cooling and two-phase cooling. It is also helpful in cancer imaging and drug delivery for cancer therapeutics in biomedical industries [2] [3] [4] . 1984). The side effect of the mixed convection parameter including the velocity ratio parameter, nanoparticle volume fraction parameter and the needle size are graphically presented and elaborated in detail in the next section for Pr = 6.2 (water).
Problem Formulation

Basic Equation
An incompressible laminar boundary layer flow and heat transfer of a nanofluid passing through a moving vertical thin needle of uniform ambient temperature T ∞ is considered. The inset of Figure 1 illustrates the vertical slender paraboloid needle whose radius is given by r = R(x) where x and r are the axial and radial coordinates, respectively. The x-axis measures the needle's leading edge in the vertical direction, whereas r is always normal to the x-axis. The needle is considered thin when its thickness does not exceed that of the boundary layer over it. Since the needle is assumed thin, the influence of its transverse curvature is important; however, the pressure gradient along the surface due to the presence of the needle can be ignored [15] . Furthermore, the needle is subjected to a variable surface temperature T w where T w > T ∞ corresponds to an assisting flow (heated surface) and T w < T ∞ corresponds to an opposing flow (cooled surface). The needle moves with a uniform velocity, U w , in the same or reverse direction to the fluid flow of uniform velocity, U ∞ . Based on the above assumptions, the governing equations for the nanofluid model proposed by Tiwari and Das [7] take the following form of cylindrical coordinates:
∂T ∂t
Assume the initial and boundary conditions of Equations (1)-(3) are:
where u and r are the velocity components along the x and r axis, respectively, and T is the temperature of the nanofluid on the boundary layer. µ represents the viscosity; ρ is the density; α is the thermal diffusivity; and β is the thermal expansion coefficient in which the subscripts 'n f ', ' f ' and 's' represent 'nanofluid', 'fluid' and 'solid', respectively. The relation between these parameters is given by [30] :
Here, k and (ρC p ) represent the thermal conductivity and heat capacity, respectively. In addition, φ represents the nanoparticle volume fraction for the nanofluid. 
Steady-State Solution
In steady-state solutions, we assume ∂/∂t = 0. Hence, to compute the basic Equations (1)- (3) under the boundary restrictions (4), we introduce the relevant similarity transformations as follows:
Here, ψ is defined as a stream function that satisfies Equation (1) , and the velocity components are defined as u = r −1 ∂ψ/∂r and v = −r −1 ∂ψ/∂x, respectively. Assuming η = c (refer to the wall of the needle), Equation (6) prescribes the size and shape of the needle where its surface is given by:
Substituting Equations (5) and (6) into basic Equations (2)- (4) reduces this to the following nonlinear ordinary differential equations given by:
where prime represents the differentiation with respect to η (similarity variable). The appropriate boundary conditions are then given by:
where λ is the mixed convection parameter, which can be expressed as:
Here, Gr x = gβ f (T w − T ∞ )x 3 /ν 2 is the local Grashof number, and Re x = Ux/ν is the local Reynolds number. It is worth mentioning that λ > 0 represents the assisting flow, while λ < 0 represents the opposing flow. Pr = ν/α is the Prandtl number, and ε is the velocity ratio parameter between the needle and the free stream with U = U w + U ∞ .
The skin friction coefficients, C f , and the local Nusselt number, Nu x , are given by the following equations:
Stability Analysis
It has been discovered in Weidman et al. [31] that the lower branch solutions for the forced convection flow passing through a permeable flat plate are unstable and not physically realizable. Meanwhile, the upper branch solutions are stable and physically realizable. To test these features, we need to consider the unsteady Equations (2) and (3) by introducing the new dimensionless time variable, τ = 2Ut/x. Note that τ is associated with an initial value problem that is consistent with the solution that will be obtained in practice (physically realizable).
From Equation (6), the new similarity solutions in terms of η and τ are:
Substituting Equation (14) into Equations (2) and (3) yields:
subject to the boundary conditions given below:
Furthermore, to identify the stability of the steady flow solution f = f 0 (η) and θ = θ 0 (η) satisfying the boundary value problem (15)- (17), we assume (see [31] ):
where γ is a small disturbance of growth (or decay) and functions F(η) and G(η) are smaller relative to f 0 (η) and θ 0 (η), respectively. Substituting Equation (18) into Equations (15)- (17) yields the following:
with the boundary conditions given by:
As mentioned by Weidman et al. [31] , to compute an initial growth or decay of the solution (18), we let τ = 0. Hence, the functions in Equations (19) and (20) yield F = F 0 (η) and G = G 0 (η). In order to test our numerical method, we solve the corresponding linear eigenvalue problems given by:
along with the conditions as follows:
Using the numerical values of f 0 (η) and θ 0 (η), we solve Equations (22)- (24) numerically, and the solutions obtained give an infinite set of eigenvalues (γ 1 < γ 2 < γ 3 < . . .). There is an initial growth of disturbances if the smallest eigenvalues γ 1 are negative, and the flow is said to be in unstable mode. Otherwise, for positive eigenvalues, there is an initial decay of disturbances and the flow is said to be in stable mode. As suggested by Harris et al. [32] , the range of the eigenvalues obtained can be considered by relaxing the boundary conditions on F 0 (η) and G 0 (η). In the current study, we choose F 0 (η) → 0 as η → ∞ and then solve the linear eigenvalue problems (22) and (23) subject to (24) together with the new condition F 0 (0) = 1.
Results and Discussion
To ensure the accuracy of the numerical method used in this study, we made comparison results of f (c) with those of Ishak et al. [19] and Soid et al. [24] for different values of needle size, c, when λ = 0 and Pr = 1 (see Table 1 ). Our computations are in excellent agreement with the work of Ishak et al. [19] and Soid et al. [24] for all considered values of c. Thus, to test the accuracy of our code, we compute the numerical results for this problem. The system of Equations (8) and (9) with the conditions in (10) is solved using an implemented bvp4c package in MATLAB software. The bvp4c package is a method used to solve the boundary value problems for ordinary differential equations. This package applies the finite difference method, where the solution can be obtained using an initial guess supplied at an initial mesh point and changes step size to get the specified accuracy. However, to solve these boundary value problems, it is necessary to first reduce it to a system of first order ordinary differential equations. Depending on the values of the parameters used, we take a suitable finite value of η → ∞ as η = 10-140. In addition, we assume the range of φ is between zero and 0.2 with φ = 0, representing the regular fluid, and the Prandtl number is set to Pr = 6.2. The thermophysical properties of the copper, titania, alumina and the base fluid can be referred in the paper of Oztop and Abu-Nada [30] . Figure 2 , the shear stress at the wall increases with the increase of the parameter φ. As a result, more particles are suspended in the base fluid, and the thermal conductivity of nanoparticles becomes stronger. Besides, it is seen from Figure 3 that upon increasing the size of the nanoparticles, the local heat flux on the surface reduces. It is also good to know that an increment in the size of the nanoparticles leads to a decrease in the ratio of thermal conductivity. This occurs due to the fact that the existence of nanoparticles in the base fluid plays a significant role to increase the heat transfer. However, Figure 3 implies that the increase in φ is to reduce the rate of heat transfer on the needle surface. It is clear from the graphs that the critical values of λ, say λ c , in which the upper and the lower branches are connected is getting higher, when the φ value increases. It is also found that the dual solutions are likely to exist when the flow is opposing (λ < 0). In summation, the dual solutions are in the range of λ c < λ ≤ 0.3. When λ < λ c , no similarity solutions exist for Equations (8) and (9). The effect of velocity ratio parameter ε on the variation of shear stress and local heat flux for different nanoparticles are illustrated in Figures 4 and 5 for the opposing flow (λ = −0.2). It follows that the dual similarity solutions exist in the range of ε c < ε ≤ 0. Note that Equations (8) and (9) subject to the conditions in (10) possess the dual solutions only when the needle and the free stream moves in the opposite direction (ε < 0). Furthermore, from these figures, only unique solutions exist for ε > 0 where the needle and the free stream move in the same direction. Moreover, the critical values of ε in which the upper and the lower branches intersect increase for Al 2 O 3 followed by TiO 2 and Cu. Figures 6 and 7 portray the influence of the mixed convection parameter on the variation of the shear stress and local heat flux for different sizes of needle c for Cu nanoparticles. It is observed from the figures that the magnitude of the shear stress and local heat flux on the needle surface is higher for c = 0.1 compared to that of c = 0.2. From the physical point of view, when the size of the needle is getting smaller, the surface of the needle in contact with the fluid particle decreases. This leads to the reduction of the drag force that occurs on the needle surface and the fluid flow. Furthermore, decreasing the needle size causes the heat transfer to accelerate since the heat is easily diffused through a thin surface compared to a thick surface. Besides, the range of λ increases as the size of the needle decreases. In particular, the dual similarity solutions exist when λ c < λ ≤ 0.2 for both values of c = 0.1 and c = 0.2.
The variation of the skin friction coefficient (Re x ) 1/2 C f and the local Nusselt number (Re x ) −1/2 Nu x on different nanoparticles are shown in Figures 8 and 9 for various values of c and φ. Observation from these figures yields that the skin friction coefficient and the heat transfer rate are higher for c = 0.1 compared to c = 0.2. This trend implies that the reduction in the needle size causes the thickness of the velocity boundary layer to decrease. Consequently, an increase in the shear stress, as well as the skin friction coefficients occurs on the surface, and this behavior can be seen through Figure 8 . Similar observations were obtained on the local Nusselt number in Figure 9 as the value of c decreases. Physically, the thin surface of the needle allows the heat transfer between the needle and the fluid flow to become faster. Also from Figure 8 , the stronger rate of nanoparticle volume fraction leads to a greater magnitude of skin friction coefficient. This is due to the collisions between the suspended nanoparticles and the base fluid particles that enhance the friction occurring on the needle surface. From Figure 9 , the rate of heat transfer increases for c = 0.1, while it decreases for c = 0.2 when the size of the nanoparticle φ becomes higher. In contrast with the micrometer scale, nanoparticles possess higher surface area to volume ratio due to a huge number of atoms on the boundaries. This causes them to be highly stable in suspensions. It follows that these suspensions show high thermal conductivity possibly due to enhanced convection between the solid particle and fluid surfaces. This behavior is more suitable for the thinner surface of the needle (c = 0.1). Moreover, the graphs presented in Figures 8 and 9 depict that the Cu nanoparticles has the lowest values of skin friction coefficient and heat transfer rate compared to Al 2 O 3 and TiO 2 . Sometimes, there is no clear evidence to completely predict the effects of different nanoparticles on the local Nusselt number. This is due to the complications of the proposed model, in which we consider the thin needle. The axial velocity and temperature profiles for different needle sizes, c, are plotted in Figures 10 and 11 for ε = −2, φ = 0.1 and λ = −0.1 (opposing flow) for Cu nanoparticles. From Figure 10 , it is found that the velocity increases as the needle size decreases for the upper branch, while it decreases for the lower branch. The physical reason is due to the thinner surface of the needle, which leads to the decrease in the drag force that occurs between the needle and the fluid particles in the flow. Note that the velocity boundary layer thickness for the upper branch decreases with the reduction in the needle size. Figure 11 shows that when the size of the needle decreases, the temperature increases, as well, while the thermal boundary layer thickness decreases in the upper branch. Figures 12 and 13 illustrate the velocity and the temperature profiles for varying mixed convection parameter λ for ε = −2, φ = 0.1 and c = 0.1 for Cu nanoparticles. It shows that the velocity and temperature boundary layers are highly influenced by this parameter. In Figure 12 , an increment in the values of λ results in an increase in velocity profiles and consequently decreases the momentum boundary layer thickness for the upper branch. A reverse trend is observed for the lower branch. Meanwhile, in Figure 13 , as the λ value increases for the upper branch, the temperature increases and the thermal boundary layer thickness decreases respectively. However, the results are inverted for the lower branch. Based on Figures 10-13 , we noticed that all the profiles obtained have fulfilled the requirement of the far field boundary condition (10) asymptotically, thus supporting the numerical results, as well as the dual nature of the solutions obtained in the current study. From this study, the stability of the dual solutions is determined by using the bvp4c package through MATLAB software. This analysis is performed to identify which of the upper or lower branch is linearly stable and physically realizable. The stability of the solutions depends on the smallest eigenvalues obtained. The unknown eigenvalue γ is presented in Equation (18) , and to compute the values of γ, we solve the linear eigenvalue problems given in Equations (22) and (23) together with the conditions (24) . Tables 2 and 3 show the smallest eigenvalue γ with respect to several values of the involved parameters of interest. The tables indicate that the negative value of γ refers to an initial growth of disturbance, and the flow is in unstable mode. Meanwhile, the positive value of γ denotes an initial decay of disturbance, and the flow is said to be in a stable mode. It is worth knowing that the stable solution always gives a good physical meaning that can be realized. In Table 2 , as the values of λ are approaching λ c , the smallest eigenvalue γ tends to zero either from the positive side or negative side. Similar observation can be found from Table 3 as ε approaching ε c . 
Conclusions
In this paper, we investigate the effect of the velocity ratio parameter, mixed convection parameter, nanoparticle volume fraction parameter and the needle size on the fluid flow and heat transfer analysis of the mixed convection boundary layer flow past a moving vertical thin needle in nanofluid. The stability analysis is considered to identify which of the dual solutions obtained is stable by applying the bvp4c package in MATLAB software. The following are some conclusions that can be made through this study:
•
The magnitude of the skin friction coefficient and the local Nusselt number increases as the size of the needle decreases. The thinner surface of the needle causes the heat to be easily diffused, hence reducing the drag force between the needle and the free stream.
The existence of the dual solutions occurs when the needle and the fluid move in the opposite way (ε < 0), while the solution is unique when they move in the same way (ε > 0). Nevertheless, the range of the dual solutions exists only in between ε c < ε ≤ 0.
The presence of the nanoparticles volume fraction in the flow causes the skin friction coefficient, as well as the heat transfer rate on the needle surface to increase especially for the thinner surface.
The dual solutions are more pronounced when the flow is opposing (λ < 0) and the range is between λ c < λ ≤ 0.3. When λ < λ c , no solutions are obtained.
The stability analysis has confirmed that the upper branch solution is stable, while the lower branch solution is unstable by observing the positive and negative sign of the eigenvalues obtained.
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